Recently it was observed that a single mode driven unstable by resonant particles can grow explosively to a level that is independent of the closeness to instability threshold set by background dissipation.'l2 In this problem the wave taps the free energy of a smooth energetically inverted distribution function. Specific examples of this effect include the bump-on-tail instability3 and the excitation of Alfvkn waves in plasmas of interest in fusion re~earch.~ An important intrinsic feature of the explosive growth is that the mode frequency shifts (both up and down) from its value at the instability threshold. By the time the amplitude grows to a level where the particle nonlinear trapping frequency Wb becomes comparable to the linear growth rate (without dissipation) 7~, the frequency shifts are comparable to y~.
At this point the explosive behavior described in Ref. 1 is no longer correct, and the mode is expected to saturate. We have developed a simulation code that confirms the expected saturation level, but also reveals s surprise effect: the sideband frequencies continue to shift upward and downward by an amount much larger than 7~ after saturation is reached.
Here we will present the results of the simulation and explain the underlying mechanisms for this effect. We will see that the explosive phase leads to the formation of a phase space h~l e~~~-c l u m p~-~ pair. In the bump-on-tail instability the hole produces an upshift of the frequency and the clump a downshift of the frequency. We also observe that a hole-clump pair does not emerge far above instability threshold, i.e. when yd, the linear damping rate from background dissipation is roughly less than 0.47~.
,
To develop the nonlinear theory we start from a formalism described in Ref. 2 , where the nonlinear response of a single mode is considered and the particle orbits in the absence of perturbations are integrable and periodic, so that an action-angle formalism" can be used. The linear mode, with an eigenfrequency WO, interacts most strongly with particles that nearly satisfy the resonance condition wo = R, where R(1) is the frequency of the unperturbed motion for a particle with action I , and the resonance condition is satisfied at 
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Here we investigate the behavior of the system when the nonlinear frequency shift of the mode, 6w = w -wo, can be much larger than y~. The formal structure of the theory limits this presentation to cases where 6w/wo << 1, so that dfo/dR and V(1) do not change significantly, and R(I) = R(IT) + ( I -IT)dR(IT)/dI. Observe that without collisions, the trapping frequency, wb, of a deeply trapped particle in a constant amplitude wave is.given by w i = 21C V dR/dIl. It is convenient to define the field amplitude as A'= 2C V dR/dI, at I set equal to a convenient reference choice of the action I = I*. In terms of A, the equations for all physical systems are quite similar.
To simplify the analysis, we now restrict our discussion to a paradigm, the electrostatic bump-on-tail instability. The phase space is then two-dimensional, with t = ka;, I = mv/k, V = q / k where k is a selected quantized wavenumber, v is the particle velocity, and q and m are the particle charge and mass respectively. The quantity v& is roughly given by v& = vcwz, where v, is the pitch angle scattering rate. The frequency wo can be taken equal to the electron plasma frequency which gives G, = 1.
Equations (2) and (3) allow A(t) to be real, and this case was taken in the numerical study. The numerical results can be understood as follows: In Ref. 2 it was found that a s a -ciently small real amplitude A(t) satisfies the nonlinear equation
where y = y~ -yd, and T3 (7-,7- 
the frequency spectrum has both upshifted and downshifted by an amount Sw -yL.
The, numerical simulation shows that the initial frequency shift that appears during the explosive phase, continues after the mode saturates at a level IAl N 7 ;
. The upshifted and downshifted frequencies correspond to the phase space hole and clump respectively. The frequency shift Sw increases slowly to values much larger than y~, with -Sw << yi, which allows the use of bounce averaging methods to describe the evolution of the system.
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The solution to the problem can then be viewed as a superposition of two BGK waves, t with each one represented as Re A(t)e-i"Ot+iE = -Wb(t)COS$; $ = 5 -wot -/dt16W(t').
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In the limitdt is negligible compared to that of the trapped particle distribution. Then we can bounce average the trapped particle distribution and use that the distribution is continuous at the separatrix between passing and trapped particles, at the value f = fo(wo+Sw). We introduce the following action variable for the trapped particles, 0. At early times, G=S6, and then Eqs. (6) and (7) have the solution, -= --=
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, which agrees fairly well with the simulation results (see Fig. 2 
.).
16 Jz( ~d t )
V2
3&2
For this reduced formulation the calculation of wb(t) and the frequency shift Sw(t) remains to be performed by numerically solving Eqs. (8)- (10). From dimensional arguments it is already clear that the maximum change in Sw is y~ (E) 1/2 (E) 3/2, or wo (whichever is less), and that the pulse with wb -y~ lasts for a time t -~i/v&. We have verified in the simulation results that the decay of the mode is only a function of v& t / y i .
In conclusion we have found a spontaneous frequency sweeping effect in numerical simulations of a single mode in a weakly unstable system. We have also presented the theory of this process. The early evolution of the mode is described by a previously found explosive solution to the point where particle trapping is important. This solution initiates frequency shifts that continue after the mode amplitude saturates. An upshifted phase space hole and downshifted phase space clump emerge at the end of the initial phase. Then as the hole and clump evolve adiabatically, the depth of the hole and the height of the clump increase during a major part of the frequency shifting cycle, allowing the frequency to continue to change. Ultimately collisional diffusion leads to the disintegration of the hole-clump pair on a time scale, ri/v&. The wave then damps since a weaker phase space structure reduces the frequency sweeping rate, that in turn reduces the rate of free energy extraction from the particle distribution. The mode amplitude must decrease to allow the power dissipated to match the free energy extraction rate. In this paper we considered only a single mode. However, if there are other linear modes in the system, holes and clumps will induce "trapped particle" instabilities13J4 when Sw -+ A w ,
where Aw is the frequency separation of the linear modes. One can easily show that the expected instability rate, Ysb, due to the interaction of the phase space structure with an adjacent mode is as large as ysb N (5) lI3 y~. As this growth rate appreciably exceeds wb, interesting questions arise about the integrity of the phase space structures when other modes can be excited. This topic needs further study.
The chirping mechanism described here may have an important application to energy channelling15 in a fusion system. Even in subcritical regimes, where phase space structures do not spontaneously arise, they can be excited with a relatively small perturbation if the system is not too far from the instability threshold and if the collisionality is sufficiently small. Thus one might be able to extract energy out of energetic charge fusion products in a controlled way, with only a modest input of external power. This interesting potential application needs further study. 
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